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a b s t r a c t
The model of hematopoiesis proposed by Mackey and Glass (1977) [1] has been studied
by many authors and sufficient conditions are obtained for the global attractivity of
the positive equilibrium. Here we obtain another sufficient condition which is relatively
simple.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Amodel for the production of blood cellswas proposed byMackey andGlass in 1977 [1] and stated in terms of a nonlinear
ordinary differential equation with a delayed parameter:
p′(t) = −γ p(t)+ β0θ
µ
θµ + (p(t − τ))µ , t ≥ 0.
Here p(t)denotes the density ofmature cells in the blood circulation, τ is the timedelay between the production of immature
cells in the bone marrow and their maturation for release in the blood stream, and β0, θ, µ and γ are positive constants.
The constant τ is naturally taken to be a nonnegative number.
On letting p(t) = θw(t), the above equation is transformed into the delay differential equation
w′(t) = −γw(t)+ β
1+ (w(t − τ))µ , t ≥ 0, (1)
where β = β0/θ.
This equation has been studied by many authors since the properties of this equation are of interest from both a
mathematical and a biological point of view. In particular, one main concern is whether the equilibrium will become a
global attractor of solutions defined by ‘‘positive initial conditions’’. More precisely, let
Ω = {φ ∈ C ([−τ , 0], [0,∞)) | φ(0) > 0} . (2)
The solution w = w(t) of (1) defined by the initial condition w(t) = φ(t) for φ ∈ Ω exists, is unique and is positive for
t ≥ 0, and is obtained by means of the standard method of steps (see e.g. [2, p. 89]). As an example, a constant solution
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w(t) = K can be found (see e.g. [3]) and is given by the unique positive solution of the transcendental equation
γK = β
1+ Kµ . (3)
This solution is called the equilibrium solution and the number K is called the (positive) equilibrium point of (1). If K has
the property that for any solutionw = w(t) of (1) which satisfiesw(t) = φ(t) for φ ∈ Ω , we have limt→∞w(t) = K , then
K is said to be a global attractor of (1) for solutions originated fromΩ.
In [2, Theorem 11.2.1] or [4], Gopalsamy et al. obtain a sufficient condition for K to be a global attractor. More specifically,
it is shown that if L = K − γ (K + βτ)τ ,U = K + βτ, q1 = βµLµ−1/(1+ Uµ)2 and q2 = βµUµ−1/(1+ Lµ)2 satisfy L > 0
and (γ + q2)q2τ < γ + q1, then K is a global attractor for solutions of (1) originated fromΩ.
In [4], Gopalsamy et al. show that when τ = 0, all solutions of (1) originated fromΩ converge to K .
For more general τ , in [3], the authors also obtain a set of sufficient conditions as follows.
Theorem 1. Suppose (i) µ ∈ (0, 1], or (ii) µ > 1 and γ ∈ (0, γ1(µ, τ)], or (iii) µ > 1 and γ > γ1(µ, τ) as well as
β
γ
<
2µ(1− e−γ τ ) [1+√1+ 4e−γ τ (1− e−γ τ )]1/µ[
2µ(1− e−γ τ )− 1−√1+ 4e−γ τ (1− e−γ τ )]1+1/µ , (4)
where
γ1(µ, τ) = 1
τ
ln
(
µ2 + 1
µ2 − µ
)
.
Then K is a global attractor for solutions of (1) originated fromΩ.
2. A sufficient condition
The conditions in the above theorem are cumbersome and it would be nice to find another set of simple conditions. One
is provided below.
Theorem 2. A sufficient condition for the positive equilibrium K of Eq. (1) to be a global attractor for all solutions originated from
Ω is that
e−γ τ ≥ 1− 1+ K
µ
µKµ
. (5)
In order to prove this statement, we first note that since the case τ = 0 has already been handled in [4], we may assume
in the sequel that τ > 0. Next, we assert that if the condition (5) holds, then the assumptions of Theorem 1 must hold. To
see this, let µ > 1. Note that(
1− 1+ K
µ
µKµ
)
−
(
1− µ+ 1
µ2 + 1
)
= (µ− 1)K
µ − (µ2 + 1)
µKµ(µ2 + 1) ,
If Kµ ≥ (µ2 + 1)/(µ− 1), then
e−γ τ ≥ 1− 1+ K
µ
µKµ
≥ 1− µ+ 1
µ2 + 1 ,
and so
γ ≤ 1
τ
ln
µ2 + 1
µ2 − µ = γ1(µ, τ).
Suppose now Kµ < (µ2 + 1)/(µ− 1). If γ ≤ γ1(µ, τ), then the condition (ii) in Theorem 1 holds. If γ > γ1(µ, τ), then
e−γ τ < 1− µ+ 1
µ2 + 1 .
Therefore the condition (5) implies
1− 1+ K
µ
µKµ
≤ α := e−γ τ < 1− µ+ 1
µ2 + 1 .
Clearly 0 < α < 1. Thus
µ+ 1
µ2 + 1 < 1− α ≤
1+ Kµ
µKµ
(6)
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and so
2+ 2(µ− 1)
µ2 + 1 < 2µ(1− α) ≤ 2+
2
Kµ
. (7)
Furthermore,
η := 2µ(1− α)
(
1+√1+ 4α(1− α))1/µ[
2µ(1− α)− (1+√1+ 4α(1− α))]1+1/µ = 11− t
(
1
1− t − 1
)1/µ
,
where
t = 1+
√
1+ 4α(1− α)
2µ(1− α) > 0.
As µ > 1 and γ > γ1(µ, τ), we can show that t < 1. Indeed, under the aforementioned conditions,
µ > 1 >
√
2− 1⇒ µ+ 1
µ2 + 1 >
1
2µ
⇒ 2µ(1− α)− 1 > 0,
and so
γ > γ1(µ, τ)⇔ e−γ τ < µ
2 − µ
µ2 + 1 ⇔ (µ
2 + 1)α < µ2 − µ⇔ α < µ2(1− α)− µ
⇔ 1+ 4α(1− α) < 4µ2(1− α)2 − 4µ(1− α)+ 1
⇔ √1+ 4α(1− α) < 2µ(1− α)− 1⇔ t = 1+√1+ 4α(1− α)
2µ(1− α) < 1.
However, over the interval (0, 1), the function
g(s) = 1
1− s
(
1
1− s − 1
)1/µ
is strictly increasing. Hence, by (7) and (3),
η = g(t) > g
(
2
2+ 2/Kµ
)
= K(1+ Kµ) = β
γ
,
as required.
We have now shown the following: If the condition (5) holds, then by Theorem 1, K is a global attractor for all solutions
originated fromΩ.
3. Further remarks
A question remains as to whether the sufficient conditions found so far in the literature are necessary. Such a question
is still open. Here we would like to add several remarks related to condition (5).
Suppose w = w(t) is a solution of (1) originated from Ω . It has already been shown in [2, Lemma 11.2.1] that if w(t)
does not oscillate about K , then it converges to K , and ifw(t) oscillates about K , then in view of [4, Lemma 2.2], there exists
t1 ≥ 0 such that
K − γ (K + βτ)τ ≤ w(t) ≤ K + βτ
for t ≥ t1, and if we let
x = lim inf
t→∞ w(t),
and
y = lim sup
t→∞
w(t),
then
0 < x ≤ K ≤ y <∞. (8)
Choose a positive, increasing and divergent sequence {tm} of real numbers such that w′(tm) = 0, w(tm) > K and
limm→∞w(tm) = y. Then in view of (1) and (3),
β
1+ Kµ = γK < γw(tm) =
β
1+ wµ(tm − τ) .
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Thusw(tm − τ) < K . Given any ε > 0, since x− ε < w(t) < y+ ε for all sufficiently large t, and thus in view of (1),
d
dt
(
w(t)eγ t
) = βeγ t
1+ wµ(t − τ) <
βeγ t
1+ (x− ε)µ ,
which yields, after integrating from tm − τ to tm (wherem is sufficiently large),
w(tm)eγ tm < w(tm − τ)eγ (tm−τ) + β
γ
eγ tm − eγ (tm−τ)
1+ (x− ε)µ
< Keγ (tm−τ) + K(1+ Kµ)e
γ tm − eγ (tm−τ)
1+ (x− ε)µ .
As a consequence,
w(tm) < Ke−γ τ + K(1+ Kµ) 1− e
−γ τ
1+ (x− ε)µ ,
which yields, after taking limits on both sides,
y ≤ Ke−γ τ + K(1+ K
µ)(1− e−γ τ )
1+ xµ . (9)
By similar reasonings, we may show that
x ≥ Ke−γ τ + K(1+ K
µ)(1− e−γ τ )
1+ yµ . (10)
Note that (10) asserts that x > Ke−γ τ . Therefore in view of (8), we see that (x, y) is a solution of (9)–(10) in the stripΦ.
We have thus shown the following: Let w = w(t) be a solution of (1) originated from Ω; then (x, y) =
(lim inft→∞w(t), y = lim supt→∞w(t)) is well defined and it must be a solution of the system of inequalities (in the
variables x and y)
y ≤ Ke−γ τ + K(1+ K
µ)(1− e−γ τ )
1+ xµ , (11)
x ≥ Ke−γ τ + K(1+ K
µ)(1− e−γ τ )
1+ yµ , (12)
defined over the strip
Φ = {(x, y) ∈ R2 | Ke−γ τ < x ≤ K ≤ y <∞} .
Next, we consider the following coupled pair of equations:
y = Ke−γ τ + K(1+ K
µ)(1− e−γ τ )
1+ xµ , (13)
and
x = Ke−γ τ + K(1+ K
µ)(1− e−γ τ )
1+ yµ (14)
defined overΦ.
If we introduce, in a formal manner,
f (t) = Ke−γ τ + K(1+ K
µ)(1− e−γ τ )
1+ tµ , t ≥ 0,
we may then write (13) and (14) as y = f (x) and x = f (y) respectively. Clearly, (x, y) = (K , K) is a solution of (13)–(14).
We first observe that
f ′(t) = −K(1+ K
µ)(1− e−γ τ )µtµ−1
(1+ tµ)2 < 0, t > 0.
So
f (0) > f (K) = K , and lim
t→∞ f (t) = Ke
−γ τ ,
and the inverse g of f exists on (Ke−γ τ , f (0)]. By implicit differentiation, we see further that
g ′(t) = − (1+ t
µ)2
K(1+ Kµ)(1− e−γ τ )µtµ−1 < 0
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for t in the domain of g . In particular, the relation (13) defines a strictly decreasing differentiable function y = f (x) for
x ∈ [Ke−γ τ , K ] and f (K) = K , while the relation (14) defines a strictly decreasing differentiable function y = g(x) for
x ∈ (Ke−γ τ , K ] and g(K) = K . As a consequence, (K , K) is the unique solution of (13)–(14) inΦ if, and only if, the graphs of
f and g does not intersect in the interior ofΦ.
Note that
f ′(K) = −µK
µ(1− e−γ τ )
1+ Kµ ,
and
g ′(K) = − 1+ K
µ
µKµ(1− e−γ τ ) .
Thus if
1+ Kµ < µKµ(1− e−γ τ ),
then f ′(K) < −1 < g ′(K) < 0, which shows that the graph of g is below that of f at points near to and on the left of K .
On the other hand, since g(Ke−γ t) = +∞ and f (Ke−γ τ ) < ∞, thus there must be a point (u, v) ∈ Φ which is a point of
intersection of the graphs of f and g . We have thus shown that the condition
1+ Kµ ≥ µKµ(1− e−γ τ ), (15)
or, equivalently, condition (5), is a necessary condition for the uniqueness of the solution (K , K) of (13)–(14) inΦ.
We now assert further that (K , K) is the only solution of (13)–(14) in Φ if, and only if, (K , K) is also the only solution
of (9)–(10) in Φ . Indeed, if (u, v) ∈ Φ is a solution of (13)–(14), then it is a solution of (9)–(10). Conversely, if (u, v) is a
solution of (9)–(10) in Φ which is distinct from (K , K), but (13)–(14) does not have any solutions in the interior of Φ , then
v ≤ f (u) < g(u) ≤ v, which is a contradiction.
We may now summarize the above as follows: If (9)–(10) over Φ has no solutions other than (K , K), then (15), or
equivalently, (5) must hold.
Therefore if we can find a condition which guarantees that for each solution pair (P,Q ) of (13)–(14) in the stripΦ , there
is a solutionw = w(t) of (1) originated fromΩ such that
P = lim inf
t→∞ w(t),
and
Q = lim sup
t→∞
w(t),
then this condition together with (5) will provide a set of necessary and sufficient conditions for the positive equilibrium K
of (1) to be a global attractor for all solutions originated fromΩ.
This condition remains to be found.
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